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1. Introduction

Throughout this paper, all graphs G are finite and simple. We denote by V the vertex set of G and by E the edge set
of G. The distance between two vertices u, v € V (G), denoted by d (u, v), is the length of a shortest u — v path in G. Let
W = {wq, wo, ..., wy} be an ordered subset of V (G). For v € V (G), a representation of v with respect to W is defined as the
k-tuple r (|W) = (d (v, wy), d(v, wa), ..., d (v, wy)). The set W is called a resolving set of G if every two distinct vertices
X,y € V (G) satisfy r (x|W) # r (y|W). A basis of G is a resolving set of G with the minimum cardinality, and the metric
dimension of G refers to its cardinality and is denoted by 8 (G).

The metric dimension problems were first studied by Harary and Melter [6], and independently by Slater [18,19]. Khuller
et al. [11] studied the metric dimension motivated by the robot navigation in a graph space. A resolving set for a graph
corresponds to the presence of distinctively labeled “landmark” nodes in the graph. It is assumed that a robot can detect the
distance to each node of the landmarks, and hence uniquely determine its location in the graph.

Garey and Johnson [5], and also Khuller et al. [11], showed that determining the metric dimension of an arbitrary graph
is an NP-complete problem. However, Chartrand et al. [3] have obtained some results as follows.

Theorem 1 ([3]). Let G be a connected graph of order n > 2. Then

1. B(G) = 1ifandonly if G = P,.
2. B(G) =n—1lifand only if G = K,.
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3. Forn >3, 8(¢) =2 -
4. B(G) =n—2ifandonly if Giseither K, s forr,s > 1,or K, + Ks forr > 1,5 > 2, or K, + (K UK) for r,s > 1.

Many researchers have also considered this problem for certain particular classes of graphs, such as trees [3,6,11], fans [2],
wheels [1,2,17], complete n-partite graphs [3,16], unicyclic graphs [14], grids [13], honeycomb networks [12], circulant
networks [15], Cayley graphs [4], graphs with pendants [9], amalgamation of cycles [10], and Jahangir graphs [20].

There are also some results of the metric dimension problem for graphs resulting from operations on graphs. We recall
that the joint graph of G and H, which is denoted by G + H, is a graph with V(G+ H) = V(G) UV(H) withV(G)NV(H) = @
and E(G+H) = E(G)UE(H) U {xy|x € V(G),y € V(H)}. Some results on certain joint product graphs have been proved in
[1,2,17].

Caceres et al. [2], Khuller et al. [11], and Melter et al. [13] have determined the metric dimension of graphs which are
obtained by the Cartesian product of two or more graphs. Some graphs which are constructed by the corona product of two
graphs have been studied in [9,8,21]. In this paper, we study the metric dimension of the lexicographic product of connected
graph G and an arbitrary graph H. We give general bounds of the metric dimension and also show that the bounds are
sharp.

2. The main results

The lexicographic product of graphs G and H, which is denoted by G o H [7], is the graph with vertex set V (G) x V (H) =
{(a,v)|a eV (G),v eV (H)}, where (a, v) is adjacent to (b, w) whenever ab € E (G),ora = b and vw € E (H). For any
vertexa € V (G) and b € V (H), we define the vertex set H (a) = {(a, v) |[v € V (H)} and G (b) = {(v, b) |v € V (G)}.

Let G be a connected graph with |V(G)| > 2 and H be an arbitrary graph containing k components Hq, H,, ..., H, and
[V(H)| = 2.Fora € V(G) and 1 < i < k, we define the vertex set H;(a) = {(a, v) | v € V(H;)}. We obtain the following
propositions.

Proposition 1. Let a and b be two distinct vertices in G. Every two different vertices x,y € H (a) satisfy d (x,z) = d (y, z)
whenever z € H (b).

Proof. Let V(H) = {hy, hy, ..., hyya}. Letx = (a, hp),y = (a, hy), and z = (b, h,) wherep, q,r € {1,2, ..., |V(H)|} and
p # q. Note that, by the definition of G o H, every vertex of H(u) is adjacent to every vertex of H(v) for uv € E(G). Now, for
a € V(G), let uq be a projection of all vertices of H(a). Let Q be a graph where V(Q) = {u, | a € V(G)} and uyu, € E(Q)
whenever ab € E(G). So, the distance between x and z, d(x, z), in G o H is equal to the distance between u, and uy, d(uq, up),
in Q. Since a vertex y is also projected to u,, we obtain that d(y, z) = d(ug, up) = d(x,z). O

Proposition 2. Fora € V(G)andi,j € {1, 2, ..., k}withi # j, every two different verticesx, y € H;(a) satisfy d(x, z) = d(y, z)
whenever z € H;(a).

Proof. Let b € V(G) and ab € E(G). Since all vertices of H(a) are adjacent to all vertices of H(b), for w € H(b), we obtain
thatd(x,z) =d(x, w) +d(w,z) =2 =d(y, w) + d(w,z) =d(y,z). O

By considering Propositions 1 and 2, in order to find a resolving set of G o H we must find a subset S;(a) C H; (a) for every
i€ {1,2,...,k}and |V(H;)| > 2, such that every two distinct vertices x, y € H; (a) satisfy r (x|S;(a)) # r (y|Si(a)), which
can be seen in the following lemma.

Lemma 1. Let G be a connected graph with |V (G)| > 2 and H be an arbitrary graph containing k > 1componentsHq, Hy, ..., H
and |V(H)| > 2. Let W be a basis of G o H. For any vertex a € V(G), if S;(a) = W N H;(a) foreveryi € {1,2, ..., k} where
V(H;) > 2, then Si(a) # . Moreover, if B; is a basis of H;, then |S;(a)| > |B;l.

Proof. Suppose that there exists a € V(G) such that there exists i € {1, 2, ..., k} which is satisfying |V (H;)| > 2 and
Si(a) = . Since |[V(H;)| > 2, by Propositions 1 and 2, there exist two different vertices (a, x), (a,y) € H;(a) such that
r((a, x)|W) = r((a, y)|W), a contradiction.

Now, suppose that Si(a) = {(a,s1), (a,s3), ..., (a,s;)} wheret < |B;| for some basis B; of H;. Let us consider S’ =
{s1, 82, ...} subsetof V (H;).Since |S'| < |B|, there exist two distinctverticesx, y € V (H;) such thatr (x|S") = r (y|S’).So,
foreveryp € {1,2,...,t},wehaved (x,s,) = d (y, s,). Note that, for every two distinct vertices u, v € V(Hy), if d(u, v) < 2
then d((a, u), (a, v)) = d(u, v), otherwise d((a, u), (a, v)) = 2. Thus we obtaind ((a, ), (a,s,)) = d ((a,y), (a,s,)), and
sor ((a,x) |Si(a)) = ((a,y) |Si(a)), a contradiction. O

For a graph H containing singleton components, we obtain the lemma below.
Lemma 2. Let G be a connected graph with |V (G)| > 2 and H be an arbitrary graph containing k > 1componentsHq, Hy, . .., H

where1 < |V(Hy)| < |V(Hy)| < --- < |V(Hy)| and |V(H)| > 2. Let W be a basis of GoH. For any vertexa € V(G), let W (a) =
W NH(a). If H contains m > 1 singleton components, then W (a) contains at least m — 1 vertices of Hi(a) UH,(a)U- - - UH,;(a).

Proof. Form = 1,leta € V(G) and x € V(H;). Let W be a resolving set of H(a) U H3(a) U - - - U Hi(a). Note that, for a
vertexu € V(H;) and v € V(H) \ V(H;) wherei € {1,2,...,k},d((a, u), (a,v)) = 2.S0,r((a,x) | W) = (2,2,...,2).
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If every vertexy € V(H;) withj € {2, 3, ..., k} satisfies r((a,y) | W) # (2, 2, ..., 2) then we can choose W(a) = W as
a resolving set of H(a). Otherwise, lety € V(H,) UV (H3) U --- U V(Hy) satisfies r((a,y) | W) = (2,2, ..., 2).So, we can
choose W(a) = W U {(a, y)} as a resolving set of H(a).

For m > 2, suppose that there exists a € V(G) such that W (a) contains at most m — 2 vertices of Hi(a) U Hy(a) U --- U
Hp(a). Let x and y be two distinct vertices of Hi(a) U Hy(a) U - - - U H,,,(a) which are not elements of W (a). We obtain two
situations.

1. Forz e H(a) \ {x,y}, we obtaind(z, x) =2 = d(z,y).
2. For any vertex b € V(G) \ {a}, ifz € H(b), then by Proposition 1, d(z, x) = d(z, y).

From both situations, we obtain that r(x | W) = r(y | W), a contradiction. O

Next, we consider H; (a) and H (b) withab € E (G) and i € {1, 2, ..., k}. By the definition of G o H, every vertex of H (b)
is adjacent to all vertices of H; (a). Now, we consider the induced subgraph from one vertex of H (b) and all vertices of H; (a)
which is isomorphic to a joint graph H; + K;. We will use a basis of H; 4+ K; to construct a resolving set of G o H. In order
to do so, we show that we can always choose a basis of H; + K; which is a subset of the vertex set of H;. Note that H; is a
connected graph.

Lemma 3. Let Q be a connected graph. There exists a basis S of Q + Ky such that S C V(Q).

Proof. Let V (Q + K;) =V (Q) U {v} and S be a basis of Q + K;.If v &€ S we have nothing to prove. Suppose that v € S. We
distinguish two cases.

Case 1: S\ {v} = 0.

By Theorem 1, Q = K;. We obtain Q + K; = P,. Chartrand et al. [3] and Khuller et al. [11] showed that 8 (P;) = 1 where
the vertex in a basis is one of P,’s end points. Since Q + K; has an end point which is a vertex of Q, we can choose a basis S’
of Q + Ky suchthatv ¢ S'.

Case 2: S\ {v} # 0.

We defineB = V(Q+K;) \ S.Letr = |V(Q+Ky)\S|and B = {by,by,...,b}. Fort € {1,2,...,r}, we
define a vertex set S, = (SU{b:}) \ {v} and B, = B\ {b:}. If there exists t € {1,2,...,r} such that every u € B,
satisfies r(u|S;) # (1,1, ..., 1), then the lemma is proved. Otherwise, we have that Q + K; is isomorphic to a complete

graph. Chartrand et al. [3] has proved that the metric dimension of a complete graph K, is n — 1. Then we can choose
S"=V(Q+Ky)\{vlasabasisof Q +K;. O

For 1 < i < k, let B; be a basis of H; + K; such that B; C V(H;). From Lemma 3, for a € V(G), choose a vertex set
W(a) = U <<, Wi where W; = {(a, x)|x € B;}. In most cases, W (a) resolves all vertices of H(a). In Lemma 4, we give a
condition for W (a) which is not a resolving set of H(a).

Lemmad4. For k > 1andi € {1,2,...,k}, let a € V(G), B; be a basis of H; + K; such that B; € V(H;), and W (a) =
Us<i<k Wia) where Wi(a) = {(a, x)|x € Bi}. For x,y € V(H), r((a,x) | W(a)) = r((a,y) | W(a)) ifand only if x € V(H;)
andy e VHy) andr(x | B) = (2,2,...,2)andr(y | B)) = (2,2, ..., 2) wherei # j.

Proof. (<) Sincer(x | B)) = (2,2,...,2)andr(y | B)) = (2,2, ..., 2), we obtain that r((a, x) | Wi(a)) = (2,2,...,2)
and r((a,y) | Wj(a)) = (2,2, ..., 2). Note that, forevery p, q € {1, 2, ..., k} and p # q, every vertices u € V(H,(a)) and
v € V(Hq(a)) satisfy d(u, v) = 2. Therefore, we obtain r((a, x) | W(a)) = (2,2,...,2) =r1((a,y) | W(a)).

(=) For 1 <i <k, since B; is a basis of H; + K, then every two distinct vertices u, v € H;(a) satisfy r(u | Wj(a)) # r(v |
Wi(a)). Therefore, since r((a, x) | W(a)) = r((a, y) | W(a)), we obtain that (a, x) € V(H;(a)) and (a, y) € V(H;(a)) where
i # j, which implies x € V(H;) and y € V(H;).

Now, suppose thatr(x | B)) # (2,2,...,2)orr(y | B)) # (2,2, ..., 2).So, there exists avertex u € B;or v € B; such that
ux, yv € E(H). Therefore, d((a, u), (a,x)) = 1and d((a, v), (a,y)) = 1.Since d((a, u), (a,y)) = 2 and d((a, v), (a, X)) = 2,
we obtain that r((a, x) | W(a)) # r((a,y) | W(a)), a contradiction. O

If the condition in Lemma 4 occurs then we must add more vertices on W (a) such that the new set resolves (a, x) and
(a,y).

Lemma 5. Let G be aconnected graph with |V (G)| > 2 and H be an arbitrary graph containing k > 1componentsHq, Ha, ..., Hy
and |V(H)| > 2. Let a € V(G) and W be a basis of Go H.If W(a) = W N H(a) and a(a) = |W (a)|, then

k
ala) < (Z B(H, + 1<1)> +k—1.
p=1

Proof. Fori € {1,2,...,k}, let B; be a basis of H; + K; such that B; € V(H;). From Lemma 3, choose a vertex set
Wi = U15i5k W;(a) where W;(a) = {(a, x)|x € B;}. We distinguish two cases.

1. G o H does not satisfy the conditions in Lemma 4.
Then choose W (a) = W;. Since B; is a basis of H; + K; for 1 < i < k, then W;(a) resolves V (H;(a)), which implies

W (a) resolves V(H(a)). Therefore, a(a) = Y°*_, B(H, + Ky) < (2’521 B(H, + 1<1)) tk—1.
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2. G o H satisfies the conditions in Lemma 4.
LetS = {(a,x) | (a,x) € V(H;(a)), r((a,x) | Wi(a)) = (2,2,...,2),i € {1,2,...,k}}. Note that |S| < k. Letz € S.
We define W, = S\ {z}. Choose W (a) = W; U W,. Since W;(a) resolves V(H;(a)) for 1 <i < k and W, resolves S, then

we obtain that W (a) resolves V (H(a)). Therefore, o (a) < (Z,;:l BH, + Kl)) +k—1. O

Fora € V(G), let W(a) be aresolving set of H(a). By considering Proposition 1, choose W = UaeV(G) W (a). In most cases,
W is a resolving set of G o H. In Lemma 6, we give a condition for W which is not a resolving set of G o H.

We consider two different vertices u, v € V(G). Let P(u, v) be a shortest u — v path in G and £(Ps(u, v)) be the length of
Pc(u, v). We define P;(u, v) = {Ps(u, v)}. Letz be avertex in V(G) \ V(Ps(u, v)). If £(Pc(u, v)) 4+ £(Pc(v, 2)) > £(Pc(u, 2))
and £(Ps(u, v)) + €(Pg(u, z)) > £(Pg(v, z)), then each path in #;(u, v) is called an eccentric path of G.

Lemma6. Let a,b € V(G) and W = Uaev(G) W (a) where W (a) is a resolving set of H(a). For x,y € V(H), r((a,x) | W) =
r((b,y) | W)ifandonly if r((a,x) | W(a)) = (2,2,...,2),r((b,y) | W(b)) = (2,2, ...,2),and each shortest a — b path is
an eccentric path of length 2.

Proof. (=) Suppose thatr((a,x) | W(a)) # (2,2,...,2)orr((b,y) | W(b)) # (2,2, ...,2) or each shortest a — b path
is an eccentric path of length m # 2. By using Lemma 3, there is no vertex z in H which has a representation (1,1, ..., 1)
with respect to a basis of H 4+ K;. Now, we consider two cases.

1. r((a,x) | W(a)) #(2,2,...,2)orr((b,y) | W(b)) # (2,2,...,2).
For eitherab € E(G) and ab ¢ E(G), r((a, x) | W(a)) # r((b,y) | W(a)), which impliesr((a, x) | W) # r((b,y) | W),
a contradiction.
2. Each shortest a — b path is an eccentric path of length m # 2.
Ifm = 1thenr((a,x) | W(a)) # r((b,y) | W(a)). Otherwise, there exists c € V(G) such that bc € E(G) and
ac € E(G),whichimpliesr((a, x) | W(c)) # r((b,y) | W(c)). Inbothsituations, we obtainr((a, x) | W) # r((b,y) | W),
a contradiction.

(<) LetS = {c € V(G) | ac,cb € E(G)}. For every v € V(G) \ (S U {a, b}), we have av,bv ¢ E(G). Since
G is a connected graph, for u € {a, b}, there exists ¢ € S such that the shortest u — v path contains c. It follows
d(u, v) = d(u, c¢) + d(c, v). Note that, forz € V(H(v)), d((a, x), (v, z)) = d(u, v) = d((b, y), (v, z)). Since d(a, b) = 2, we
obtainr((a,x) | W) =r((b,y) | W). O

If the condition in Lemma 6 occurs then we must add more vertices on W such that the new set resolves (a, x) and (b, y).

Lemma 7. Let G be a connected graph with |V (G)| > 2 and H be an arbitrary graph containing k > 1componentsHq, Hy, . .., H
and |V(H)| > 2.If [V(G)| = n, then

k
B(GoH)<n- ((Zﬂ(Hp+K1))+k—1>+(n—2).

p=1
Proof. For a € V(G), let W(a) be a resolving set of H(a). By considering Proposition 1, choose a vertex set W; = UaeV(G)
W (a). We distinguish two cases.

1. G o H does not satisfy the condition in Lemma 6.
Then choose W = Wj. Since W (a) resolves H(a) for every a € V(G), we obtain that W is a resolving set of G o H and

by Lemma 5,
k
W[ <n- ((Zﬂ(Hp +1<1)> +k— 1)
p=1
k
<n- ((Zf}(Hp +1<1)> +k— 1) +(n—2).

p=1

2. G o H satisfies the condition in Lemma 6.
From Lemma 6, we define S; = UaeV(G) S(a) where S(a) = {b € V(G) | each shortest a — b path is an eccentric path
of length 2}. Note that |S1| < n — 1.LetS;, = {(b,x) | b€ Syandr((b,x) | W(b)) = (2,2, ...,2)}.Letz € S;. We define
W, = S, \ {z}. Then choose a vertex set W = W, U W,. Since W (a) resolves H(a) for every a € V(G) and W, resolves S,,

we obtain that W is a resolving set of G o H and by Lemma 5, |W| < n - ((Zﬁ:] B(H, + K1)) +k — 1) +m-2). O

Combining the results in Lemmas 1, 2 and 7, we obtain the following bounds of 8(G o H).
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Theorem 2. Let G be a connected graph with |V(G)| > 2 and H be an arbitrary graph containing k > 1 components
Hi,H,,...,Hyand |V(H)| = 2.If |V(G)| = n, then

k k
n- <(Zﬂ(Hp)) - 1) <B(GoH)<n- ((Z,B(HP-HG)) +k— 1) +(n—2).

p=1 p=1

In the next two subsections, we prove that the lower and upper bounds in Theorem 2 are sharp.

2.1. H is a disconnected graph

In the next two theorems, we prove the existence of a connected graph G and a disconnected graph H where the metric
dimension of G o H satisfies either the lower or upper bounds in Theorem 2.

Theorem 3. There exists a connected graph G of order n > 2 and a graph H containing k > 2 components Hy, Ha, . . ., Hy such

that
k
B(GoH)=n- ((Zﬂ(Hp)) - 1) .
p=1

Proof. Let G be a path of n vertices P, where n > 4, and H be a null graph (graph without edges) of k vertices where k > 2.
By Theorem 2, we only need to show that 8(Go H) <n - ((Z’;Zl ﬁ(H,,)) — 1).

Let V(G) = {p1,p2,...,pn} Where pipi;;1 € E(G)for1 < i < n—1,and V(H) = {q1,92, .., qx}. We define
W = V(G o H) \ G(qi). We will show that W is a resolving set of G o H. Note that,

1..d((pi, qi), (i1, q1)) # d((Pj, qi), Pjz1,q)) for1 <i<j<n-—1.
2. d((pn, q)» (Pi-1, q1)) # d((Pi, qr)» (Pi—1,q1)) for2 <i<n-—1.
3. d((p1, q)» (P2, q1)) # d((Pn, qi)> (P2, q1))-

Therefore, since r(u | W) # r(v | W) for every two distinct vertices u, v € V(G o H), W is aresolving setof Go H. O

Theorem 4. There exists a connected graph G of order n > 2 and a graph H containing k > 2 components Hy, Hy, . . ., Hy such
that

k
BGoH)=n- ((Zﬁ(HpHm) k- 1) +(n—2).

p=1
Proof. Let G be a star of n vertices S,_1 where n > 4, and H be a graph containing k > 2 components Hq, Hy, ..., Hy
where H; is a path of 8 vertices Pg for 1 < i < k. By Theorem 2, we only need to show that 8(G o H) > n -
((ZL B(H, + K1)) +k— 1) + (n — 2). Note that Pg + Kj is a fan graph with 9 vertices. Caceres et al. [2] have proved
that B(Ps + Ky) = | 282 | = 3.1f Bis a basis of Pg -+ K, then there exists a vertex y € V(Pg) such that r(y | B) = (2, 2, 2).

Suppose that 5(GoH) < n - ((Zﬁ:l B(H, + K1)> +k— 1) + (n — 3). Let W be a basis of G o H. Then there exist two

distinct leaves a, b € V(G) such that each leaf contributes at most (Z§:1 B(H, + K1)) + k — 1 vertices in W. Let ¢ be the

center vertex of G. Note that, for every vertexz € V(G) \ {a, b, c},d(z, u) = d(z, c) + d(c, u) for u € {a, b}. Since P;(a, b) is
an eccentric path of length 2 and d((u, y), (z, w)) = d(u, z) for w € V(H), we obtain that r((a,y) | W) = r((b,y) | W), a
contradiction. O

The graph in the proof of Theorem 4 satisfies the condition in Lemmas 4 and 6. In particular, in Theorems 5 and 6 we give
an example of graphs with metric dimension n - ((Zf}:l B(H, + K])) + k— 1) andn - (Zf,:l B(H, + K1)), respectively.

Theorem 5. There exists a connected graph G of order n > 2 and a graph H containing k > 2 components Hy, Hy, . . ., Hy such
that

k
B(GoH)=n- <<Zﬂ(Hp+K1)> +k—1>.

p=1
Proof. Let G be a complete graph of n vertices K, and H be a graph containing k > 2 components Hy, H», ..., H, where H;
is a cycle of 8 vertices Cg for 1 < i < k. Note that G o H does not satisfy the condition in Lemma 6. We need to show that
B(GoH) =n- ((Zﬁ:l B(H, + K1)> +k— 1). The Cg + K; is a wheel graph with 9 vertices. Buczkowski et al. [1] have
proved that 8(Cg 4+ K;) = 3.1f Bis a basis of Cg + Kj, then there exists a vertex y € V(Cg) such thatr(y | B) = (2, 2, 2).
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For 1 < i < k, let B; be a basis of H; + K; where B; C V(H;). Fora € V(G),let Si(a) = {(a,y) |y € V(H);r(y |
B) = (2,2,2);1 <i < k}.Let Wi(a) = {(a,x) | x € Bi} and for a vertex z € Si(a), let Sy(a) = Si(a) \ {z}. We define
W(a) = S,(a) U Ulgigk Wi(a). Since W;(a) resolves H;(a) and S, (a) resolves S;(a), we obtain that W (a) is a resolving set

of H(a) and |W (a)| = (Zﬁ:1 B(H, + I(l)) + k — 1. By considering Proposition 1, W = UaeV(G) W (a) is a resolving set of

GoHand |W|=n- ((Zf,:1 B(H, + 1<1)) k- 1).
Now, suppose that B(Go H) < n - ((22:1 B(H, + Kl)) +k— 1) — 1. Let W be a basis of G o H. Then there exists

a vertex a € V(G) such that H(a) contributes at most (Z';:] B(H, + I<1)> + k — 2 verticesin W.For 1 < i < k, let

Wi(a) = W N Hj(a). If there exists i € {1,2,...,k} such that |W;(a)] < B(Cs + K;), then there exist two vertices
X,y € Hi(a) such that r(x | Wj(a)) = r(y | W;(a)), which implies r(x | W) = r(y | W), a contradiction. So, for every
ie{l,2,...,k}, weassume that |W;(a)| > B(Cs + K7). Therefore, there exist two different components H; and H; such that
IWi(a)] = B(Cs + K1) = |Wj(a)|. Letx € V(H;) and y € V(H;) wherer((a, x) | Wi(a)) = (2,2,2) =r((a,y) | Wj(a)). By
Lemma 4, we obtain that r((a, x) | W) = r((a,y) | W), a contradiction. O

Theorem 6. There exists a connected graph G of order n > 2 and a graph H containing k > 2 components Hq, H,, . .., Hy such
that

k
B(GoH)=n- (Z B(Hy +1<1>) :

p=1

Proof. Let G be a complete graph of n vertices K, and H be a graph containing k > 2 components Hy, H,, ..., H, where H;
is a path of 4 vertices P4. Note that G o H does not satisfy the conditions in Lemmas 4 and 6. The P4 + K is a fan graph with
5 vertices. Caceres et al. [2] have proved that (P4 4+ K7) = 2.

For 1 <i <k, let B; be a basis of H; + K; where B; C V(H;).Fora € V(G), let W;(a) = {(a, x) | x € B;}. We define W(a) =
(U1 <i<x Wi(a). Since W;(a) resolves H;(a), we obtain that W (a) is a resolving set of H(a) and |W (a)| = Zgzl B(Hp, +K1). By

considering Proposition 1, W = UaeV(C) W (a) is aresolving setof GoH and [W| =n- (Z?:l B(H, + K1)).
Now, suppose that 8(GoH) < n- (Zﬁ:] B(H, + K1)> — 1. Let S be a basis of G o H. Then there exists a vertex a € V(G)

such that H(a) contributes at most (Zﬁ:] B(H, + K1)) — 1 verticesinS. For 1 < i < k, let S;(a) = S N H;(a). Then

there exists i € {1, 2, ..., k} such that |S;(a)] < B(P4 + K;). Therefore, there exist two vertices x,y € H;(a) such that
r(x | Wi(a)) = r(y | W;j(a)), which implies r(x | W) = r(y | W), a contradiction. O

An interesting question is whether all the values between the lower and the upper bounds are achievable, as stated in
the following problem.

Problem 1. Let H be a graph containing k > 2 components Hq, H», ..., H. For every integer ¢ with

k k
n- ((Z,B(Hp)> - 1) <c<n- ((Zﬂ(Hp—kKl)) +k— 1) +(n—2),
p=1 p=1

does there exist a connected graph G of order n such that 8 (Go H) = c?

2.2. H is a connected graph

For H is a connected graph with |V (H)| > 2, then H is not a singleton component and k = 1. So, G o H does not satisfy a
condition in Lemma 2. Therefore, combining the results in Lemmas 1 and 7, we obtain the following bounds of 8(G o H).
Theorem 7. Let G and H be connected graphs with |V(G)| > 2 and |V(H)| > 2.If |[V(G)| = n, then

n-BH) <B(GoH)<n-BH+K)+ (n—2).

In the next two theorems, we prove the existence of connected graphs G and H where the metric dimension of G o H
satisfies either the lower or upper bounds in Theorem 7.

Theorem 8. There exist connected graphs G of order n > 2 and H of order at least 2 such that 8 (Go H) =n - B (H).

Proof. Let G be an arbitrary connected graph and H be a graph with diameter at most 2. Generally, for a graph H with
diameter at most 2, the metric dimension of G o H is equal to the lower bound of Theorem 7 since two distinct vertices
X,y € V(H) and avertex a € V (G) satisfy d (x,y) = d((a, x) , (a,y)). Therefore, for every a € V (G), H (a) contributes at
least B (H) vertices ina basisof Go H. O
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Theorem 9. There exist connected graphs G of order n > 2 and H of order at least 2 such that 8 (GoH) =n- 8 (H+Ky) +
(n—2).

Proof. Let H = Pg be a path with 8 verticesand G = S,,_; be a star with n vertices withn > 3. By Theorem 7, we only need to
show that 8 (Go H) > n- 8 (H + K1) + (n—2). The H + K; graph is a fan graph with 9 vertices. Caceres et al. [2] have proved
that B(Ps + Ky) = | 282 | = 3.1f Bis a basis of H + K, then there exists a vertex y € V(H) such thatr(y | B) = (2,2, 2).
Suppose that 8 (GoH) < n- 8(H+K;) + (n — 3). Let W be a basis of G o H. Then there exist two distinct leaves
a, b € V(G) such that each leaf contributes at most 8(H + K;) vertices in W. Let ¢ € V(G) be the center vertex of G. Note
that every vertexz € V(G) \ {a, b, c} satisfies d(z, u) = d(z, c) + d(c, u) for u € {a, b}. Since a — b path is an eccentric path
of length 2 and d((z, w), (u,y)) = d(z, u) for w € V(H), we obtain thatr((a,y) | W) = r((b,y) | W), a contradiction. O

Note that the graph in the proof of Theorem 9 satisfies the condition in Lemma 6. In particular, in Theorem 10 we have
an example of graphs G o H with metric dimension n - 8(H + K).

Theorem 10. There exist connected graphs G of order n > 2 and H of order at least 2 such that 8(Go H) = n - S(H + Ky).

Proof. Let H = P, be a path with m > 7 vertices and G = P, be a path with n > 4 vertices. Note that G o H does not satisfy
the condition in Lemma 6. We need to show that 8(G o H) = n- B(H + K;). The H + K; graph is a fan graph with m + 1
vertices. Caceres et al. [2] have proved that 8(P, 4 K7) = | 22 |.

Let B be a basis of H + K;. From Lemma 3, choose a vertex set W = Uvev@ W (v) where W (v) = {(v, x) | x € B}. Since
for every v € V(G), W(v) resolves H(v), then by considering Proposition 1, W is a resolving set of G o H. Therefore,
B(GoH) <n-B(H+Ky).

Now, suppose that 8(Go H) < n- B(H + K;) — 1. Let S be a basis of G o H. Then there exists a vertex a € V(G) such that
H(a) contributes B(H + K;) — 1 vertices in S. So, there exist two vertices x, y € V(H) such thatr((a,x) | S) =r((a,y) | S),
a contradiction. Therefore, 5(GoH) > n-(H+K;). O

We can also show that there exist graphs G and H such that the metric dimension of G o H is not equal to both the lower
and upper bounds in Theorem 7.

Theorem 11. There exist connected graphs G of order n > 2 and H of order at least 2 such that B (GoH) = c where
n-BH)<c<n-BH+K)+ (n—2).

Proof. Let G = K, be a complete graph with n > 2 vertices and H = K, be a complete graph with m > 2 vertices. Since
GoH = Kpun, we have B(GoH) = mn — 1 (see [3]). Since H + K; = Kpy1, weobtainn - §(H) < nm—1 <
n-pH+K)+m—-2). O

An interesting question is whether all the values between the lower and the upper bounds are achievable, as stated in
the following problem.

Problem 2. Let H be a connected graph of order at least 2. For every integer c withn- 8 (H) <c <n-S(H + K;) +(n—2),
does there exist a graph G of order n such that 8 (Go H) = c?
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